
Kinematics of a Free - Piston Expander.

A. V. MARTYNOVSKII

Kholod. Tekhn. i Tekhnol., No. 18, 1974, TEKHNIKA, Kiev, pp. 28-33

A -method of analyzing and optimizing a theoretical indicator diagram

for a free-piston Longsworth expander /5/ (Fig. i) was proposed in /2/.

The question of how to assure the selected form of the indicator cla-

. 2 3J 5 -6 7 9 !0 1 gram for a machine without

/ having the kinematic coup-

p p ling between the motion and

Tc1 , I- - gas distribution mechanisms

V PK _ arises in developing such

Fig. 1. Diagram of a Longsworth expander prin- n expander.

ciple: 1 - Receivers; 2 - constraining valves; The problem can be .

3 - regenerator; 4 - refrigerator; .5:- expander solved in a first pprx-
working cavity] 6 - piston; 7 - damper working C
cavity; 8 - dead volume of the damper cavity; .mation on the basis'of the

O ~O9 - choke hole; 10 - buffer capacity; 11 - heat 0 C
assumption that the fric-o P

exchanger E n

tion and inertia .forces a re

negligible compared.to the pressure forces. In this case the piston velocity

and duration of each of the processes are determined just by the gas discharge !

through the choke hole and the valves. The analytical dependences connecting nE

the instantaneous values. of the discharges to the thermodynamic and structural 0 0

characteristics of the expander permit computation of the valve cyclogram.

In general form, the duration of' any of the indicator diagram processes CD o

dan be represented as

(1) _ it )

where r is the time, M the mass of gas in the (,constant or var.iable)

volume under consideration, n, n+l the numbering of the nodal points of

D/;3 indicator diagram (Fig . 2), G the instanta-

09. 1 neous value of the discharge through the boun-

dary of this volume. The discharge for the case

of escape through the hole can be determined by , Z

5i r means of the known relationships /1,4/: * ' H

1 0-2 0' 2 , . .4 , , 0.t

Fig. 2. Theoreticai indi- G f

cator diagram of the expandrcator aam of the expanderfor the subcritic'al escape mode, and
cavity: 1-2 - intake at ele- , - ------- - - ------

vated pressure; 2-3 - filling;

4-5 - exhaust for a fixed piston; 5-6 - exhaust with expulsion; 6-7 - expul-

sion; 7-8 - exhaust cutoff; 8-1 - pressure rise in the dead volume for a
fixed piston
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(3) F- 7_. I k ++ r (3)

for supercritical escape.

Here p and T are the pressure and. temperature, respectively, k

is the adiabatic index, f the hole cross-sectional area,. and. IL the dis-

charge coefficient.

In this dase, the duration Of the processes 2 4 3 - 4 - 5 .depends

on the tempo of escape from the damper cavity, assumed adiabatic, into -the

buffer capacity at the practically constant medium pressure pc and tempera-

ture T ie.,

P' p " =.p : T' .= T(p)

where the single prime denotes quantities referring to the cavity outof

which the gas flows andthe double prime to the cavity into which the gas

flows.

Hence, the discharge in the proces 2-3-4-5 is a function of one

variable (the pressure. p )'in the damper' cavity G = f(p)

The time of the processes 6-7.-8-1. is -determined by the :discharge from

the buffer capacity into the damper cavity

p" = p , p' = . T' = T

and G = f(p) as in the previous case.

The gas goes into the expander working volume or out of it.. through a

valve an order .of magnitude greater than the choke in processes 1-2 and

5-6 " the pressure varies rapidly from p .to p or from p to p
-1 max ' mm

It is natural to assume that, in this case a negligibly small quantity of gas

succeeds in passing through the choke and the time I,2 .and ,o is deter-

mined. by the discharge through the values, i.e., .the constants p' pmax

T' - T add the variable p" = pd should be substituted into (2) -for the
cd

process 1-2 , and the constant p" = p. and the variables p' = p
min min

and T' = T(Pd) for the process 5-6

Here p and p are the pressure in the receivers, and pd is

the moving value of the pressure in the expander cavity.

Let us note that under .the assumption that the friction and inertia

force is zero, the pressures Pd and p on the -sides of the piston are

equal, therefore, the discharge G,,, through the valves in the processes

1-2 and 5-6 is also a function of the pressure in the damper cavity:

GK .h (P)

On the basis of the assumption that the damper cavity is adiabatic,
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we can write for either of the proce ses 2-3-4-5 and 6-7-8-1

(4") d d V )' UR-I1PT/-T, ( T
where p,V.T are the pressure, volume, and temperature of the damper volume,

respectively, Vd is the volume of the expander cavity, V0  is the maximum

volume of the damper cavity (taking account of its dead volume, pn and T
n

are the initial gas parameters for this process..

The mass increment element in the thermodynamic -dead volume-expander

cavity system in the processes 1-2 and 5-6 is
k+1

.dM() = d p - v , (5)

where V and Ve, are the refrigerator and regenerator gas volumes,
p

V -L V

T ' is the reduced temperature of the dead. volume, T is the gas
0 _Y pe"r p

Tper p
temperature in the refrigerator and TP,, is the mean gas temperature in the

regenerator (assumed constant).

The equation connecting the gas volume.and pressure in the expander

cavity Vd(P) must be substituted into, (4) and (5),

Therefore, (1) reduces to

(6)-- . . / (p)

where f(p) = dM-.

After appropriate manipulations,. (6) becomes-for .the separate processes

( )()
k-,1 T " "

(9) ,p C

p bp a

where

(10) C - -, -_-- (10)

(ll.) -C E _0 _ .( 1)

(12) --- C . (12)
n n--n5 - , i<
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.(13) , = C, p; .(13)

3/ " -' •
p a -p"

dp

(14) 78 = ,
8" a - h, i-

and C,a b are constant coefficients for a given process.

The problem of determining the emptying or filli-ng time for the capacity

in the subcritical escape mode is usually solved. by numerical methods /1,4/'.

In this case it adlits of an analytical solution. The quadratures can

be found by using the substitution .= f..or the integrals -(7), (13) and I

2-- k

(14),. xp for'(ll), and _ for (12.). By substituting x = p

the integrands of (8) and (9) are reduced to

(15) = C(bx - - a) dx. (15)

For a monotomic gas, helium, say, k = 5/3 , and the binomial differential

(15) is rationalized by the Chebyshev method by the substitution

bx 2/3 - a. z

after which integration is not.difficult.

The expression (10) is integrated by an analogous method.

Since the pressure is constant in the processes 2-3 and 6-7 , they

are described by algebraic equations.

If the ratio between the pressures governing the escape mode passes

through the critical value, (1) should be represented as
m n+-

(16) 
d,,, +,= Al. -a- . •

ft +

where m is the point of the process corresponding to the critical pressure.

The initial values for each of. the processes are computed by means of

the condition of periodicity of the expander working cycle.

The. method described permitted representation. of the operating cycle

time as

' t, = (I L + V,,) 
, 

3 4 1, ,

(1 1/ ), $ , , 7 7

where f and fk are the passage section ar6as of the'choke and. valve,

respectively, R and i*,, are the mean values of the choke and valve discharge

coefficients, in the pressure range under consideration, respectively, Vmn is
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the dead volume of the damper cavity F and L are the piston stroke and

area, and ,,+l are dimensionless complexes comprised of the parameters

_I • characteri.:ing the structural peculiarities of

-, ___ ; | " the expander and its operating mode:

0 ,5 1 V P' p I P x

o.J i Pnli Pc PCni
1(18)

, / The expression (16) permits computation

of the valve .eyclogram which will assure the

given shape-of the indicator diagram.

15 As an illustration, an expander was com-

.puted with the following characteristics:

Fig. 3. Graphs of the pres- , V v, i

sure change throughout the F =,0. 0,03,: 0,; =0.: .0

operating cycle. (a) .and valve v . . P P,
cyclogram (b). " 0,9; - , P , - -

.f = 1.. 10- ,.' :f1 '10 = 10- ' , for T 3 00 K .

The theoretical indicator diagram of such an expander is shown in

Fig. 2, and the corresponding valve cyclogram in Fig. 3.

Let us nbte that the cycle iduration is related pracitically. linearly to

the choke hole cross-sectional area.

Therefore, a proportional change .in the number of' valve drive rotations

and in the choke cross-section permits regulating the freqaency of the

working process without essential distortion of the indicator diagram.
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